Abstract. The τ − → K − ηντ decays have been studied using Chiral Perturbation Theory extended by including resonances as active fields. We have found that the treatment of final state interactions is crucial to provide a good description of the data. The Breit-Wigner approximation does not resum them and neglects the real part of the corresponding chiral loop functions, which violates analyticity and leads to a failure in the confrontation with the data. On the contrary, its resummation by means of an Omnès-like exponentiation of through a dispersive representation provides a successful explanation of the measurements. These results illustrate the fact that Breit-Wigner parametrizations of hadronic data, although simple and easy to handle, lack a link with the underlying strong interaction theory and should be avoided.
Introduction
Hadronic tau decays provide a clean laboratory to test the non-perturbative strong interaction involving mesons in rather clean conditions [1] . At the inclusive level this allows to extract fundamental parameters of the Standard Theory, like the strong coupling at the tau mass scale, the CKM matrix element V us or the mass of the strange quark [2] . On the exclusive side, the nontrivial strangeness-changing processes studied more accurately are the τ − → (Kπ) − ν τ decays, even more with the advent of the B-factory measurements performed by the BaBar and Belle Collaborations [3] . These very precise data have triggered a number of dedicated theoretical studies [4] which have taken advantage of the K ⋆ (892)-exchange dominance in these decays to determine very precisely the mass, width and couplings of this resonance. Although subleading, the contribution of its first excitation, the K ⋆ (1410) meson, can also be probed through the Kπ tau decays. As a result, its parameters were also evaluated in the quoted studies, even though with much less precision than in the case of its lightest copy.
Phase space considerations suggest that the related τ − → K − ην τ decays may be specially sensitive to the properties of the K ⋆ (1410) resonance and to its interplay with the K ⋆ (892) meson. To test this possibility was one of the motivations of our study [5] aiming to evaluate the hadronic matrix element and give sensible estimates of invariant mass spectrum and decay width that could be confronted to the BaBar and Belle measurements [6] . We also wanted to improve the description of the strange spectral function with a better understanding of this decay channel and to provide TAUOLA [7] , the standard Monte Carlo generator for tau lepton decays, with theory-based hadronic currents [8] for this process that, up to know, was modeled very crudely using a constant form factor. In this sense, Belle's paper requested more elaborated theoretical analyses of tau decays including η mesons beyond the classic works [9] to match the precision of current measurements. This improvement is also requested from the Monte Carlo point of view [10] .
BaBar and Belle measurements [6] of the τ − → K − ην τ decays yield the respective branching fractions (1.58 ± 0.05 ± 0.09) · 10 −4 and (1.42 ± 0.11 ± 0.07) · 10 −4 . The partner τ − → K − η ′ ν τ decays have not been detected yet, but an upper branching ratio of 2.4 · 10 −6 at the 90% confidence level was placed by BaBar [11] . Branching ratios at the level of 10 −6 should be within reach at the forthcoming Belle-II experiment. Therefore, another target of our analysis was to determine if a soon discovery of this decay mode could be expected.
Matrix element and decay width
The differential decay width for the considered processes reads
and S EW = 1.0201 [12] represents an electroweak correction factor.
. From these values we can already guess the suppression of the τ − → K − η ′ ν τ decays. Unitarization effects will increase the scalar form factor contribution to this decay channel making it more important than the vector form factor effect, but it will still be roughly two orders of magnitude less frequent than the τ − → K − ην τ decays. We will use the value V us f K − π 0 + (0) = 0.21664 ± 0.00048, obtained analyzing semi-leptonic Kaon decay data [14] .
In eq. (1) the strong interaction dynamics has been encoded in the f
(s) form factors employing the quantum field theory of strong interactions, QCD 1 . This, however, does not mean that its Lagrangian is useless for obtaining them. In particular, at very low energies, QCD exhibits and approximate (chiral) symmetry in the limit of massless light quarks. This property allows to build an effective field theory dual to it in this regime, Chiral Perturbation Theory (χP T ) [15] .
However, as the energy increases, it does not suffice to include higher and higher order computations in χP T [16] . On the contrary, it is necessary to incorporate the next lighter states, the lowest-lying light-flavoured resonances, as active degrees of freedom into the action. In the context of tau decays this feature was studied in Ref. [17] .
A complementary and equivalent view comes from considering the expansion parameter of χP T , the ratio between momenta and masses of the lightest pseudoscalar (π, K and η) mesons over the chiral symmetry breaking scale, of order 1 GeV. It is obvious that when its value starts to be comparable to one the chiral expansion will no longer converge. This scale is (parametrically) of the same order of the mass of the lightest mesons, i.e. the ρ(770) resonance. Therefore, the need of finding an alternative expansion parameter valid in the GeV-region also leads to an extension of χP T . A successful candidate was provided by the 1/N C expansion of QCD [18] , whose predictions for a theory including resonances are corroborated experimentally [19] .
A realization of these ideas is provided by the Resonance Chiral Theory (RχT ) [20] , which includes the meson resonances in the antisymmetric tensor field representation. This formalism brings in the advantage that there is no need to include the local contact interactions at subleading orders in χP T because they are reproduced upon integrating the resonances out. The values of the RχT couplings are not restricted by symmetry requirements. However, the resonance Physics is supposed to interpolate between the known chiral and perturbative regimes. Consequently, the matching between the operator product expansion and the RχT results for Green functions is performed [20, 21] , rendering relations among and predictions of the Lagrangian couplings which increase the predictability of the theory. Remarkably, within RχT the successful notion of vector meson dominance is not an a priori assumption but a dynamical result. The application of RχT to the study of hadronic tau decays has proved successful in a variety of decay channels [4, 5, 8, 22] and related processes [23] .
The relevant effective Lagrangian for the lightest resonance nonets is
where all coupling constants are real: F is the pion decay constant, F V (c m ) gives the coupling of the vector (scalar) resonances to the W current (scalar source) and G V (c d ) provides the coupling of the vector (scalar) mesons to pairs of pseudoscalars. The definition of the chiral tensors entering eq. (5) can be found in Refs. [20] .
The resulting vector form factors arẽ
where the values of f
The strangeness changing scalar form factors and associated S-wave scattering within RχT have been investigated in a series of papers by Jamin, Oller and Pich [24] . Our expressions for the scalar form factors can be written in terms of the f
(s) form factors given in Refs. [24] . It should be noted that using our conventions, the tilded scalar form factors become simplyf
which are more compact than the corresponding results in Refs. [24] and display the same symmetry η ↔ η ′ than the vector form factors in eq. (6).
The contribution of heavier resonances can be included within RχT in the spirit of the N C → ∞ limit. However, within this infinite tower of states only the K ⋆ (1410) resonance will play a relevant role in the considered processes (in the vector form factor). In the scalar one, it should be pointed out that the resonance labeled S in eq. (7) corresponds to the K ⋆ 0 (1430), since the κ(800) meson is dynamically generated through Kπ rescattering [25] . Then, the vector form factor in eq. (6) shall be replaced bỹ
where the operators with couplings F ′ V and G ′ V are defined in analogy with the corresponding unprimed couplings in eq. (5).
The vanishing of the f
(s) form factors for s → ∞ at least as 1/s [26] determines the short-distance constraints
which yield the form factors
. The modifications introduced by heavier resonances to this relation and to the definition of γ are negligible.
Treatment of final state interactions
The form factors in eq. (10) diverge for s = M 2 , while the hadronic observables are peaked (but not divergent) at these energies. The solution comes by including a subleading effect in the large-N C expansion as given by the finite width of the resonances. In fact, some of them are wide enough so that the energy dependence of their widths becomes an issue. This topic has been studied within RχT in Ref. [27] were a precise and consistent definition for the spin-one meson off-shell widths was given. Its application to the K ⋆ (892) case yields an expression that does quite a good job in the comparisons with data. However, at the present level of precision it is preferable to include the corrections to the corresponding on-shell width value to write
where it was used that the only absorptive cut at the M K ⋆ -scale is given by the elastic contribution and σ P Q (s) =
Contrary to the K ⋆ (892) case, there is no restriction from the chiral limit that applies to the width of the K ⋆ (1410). Assuming that the lightest Kπ absorptive contribution dominates one has
The scalar resonance width can also be computed in RχT similarly yielding, for the
The final state interactions (FSI) encoded in the chiral loop functions are not small and the real parts of these functions are not negligible. Moreover, even if they were numerically small, disregarding them while keeping the corresponding imaginary part (giving the meson widths) would violate analyticity. The key point is how to handle the resummation of these FSI. We will show that a Breit-Wigner approximation (which neglects the real part of the chiral loop functions and does not resum FSI) fails dramatically in the τ − → K − ην τ decays. On the contrary, two kinds of resummations of FSI (Omnès-like and dispersive representation) do provide a good agreement with the data. The latter, which also gives the best results, is preferable because it is analytic by construction, while in the former analyticity only holds perturbatively. We emphasize that despite Breit-Wigner parametrizations of hadronic data are very simple and manageable, they violate known properties of the underlying strong interaction (analyticity, unitarity, asymptotic behaviour, ...). Therefore very little can be learned about QCD by using them. If that is our purpose (as it is supposed to be), they should not be employed.
Specifically, three different options will be considered, in increasing degree of soundness, for the treatment of FSI. The relevant form factors will be obtained from eqs. (10) in each case by:
with Γ K ⋆ (s) and Γ S (s) given by eqs. (11) and (13) . Since the scalar form factors will not be unitarized, the κ(800) resonance contribution is lost (or at best badly modeled) in this approach. Analyticity is violated already at the lowest order.
• Exponential parametrization (JPP): The Breit-Wigner vector form factor described above is multiplied by the exponential of the real part of the chiral loop function. In this way, this part of the loop function is resummed, while the imaginary one (the width) is kept unresummed in the denominator,
This violates analyticity at the next-to-next-to-leading order in the chiral expansion, which is a small effect numerically. The unitarized scalar form factor [24] , which is a solution of the Muskelishivili-Omnès problem for three channel case (Kπ, Kη, Kη ′ ) will be employed.
• Dispersive representation (BEJ): A three-times subtracted dispersion relation will be used for the vector form factor. The input phaseshift will be defined using the vector form factor in eq. (10)
so that the output form factor is
where
includes only the Kπ cut and the whole complex loop function is resummed in the denominator, which keeps analyticity exactly. This vector form factor neglects inelastic coupled channel effects, which is in principle a questionable approximation. We anticipate that the agreement with data does not call for including these effects at the moment. The slope parameters, λ
′(′)
+ , encode the very low energy dynamics. The unitarized scalar form factor will also be used [24] .
Predicting the
Eqs. (10) also hold for the f (Kπ) − +,0 (s) form factors. Therefore, the detailed knowledge of the Kπ form factors [4] could in principle be used to predict the the τ − → K − η (′) ν τ decays. While this is true for the vector form factors, the unitarization procedure of the scalar form factors breaks this universality and different f
(s) are obtained. Then, the unitarization procedure can be tested through the effect of the scalar form factors in the τ − → K − η (′) ν τ decays. While the suppression of the scalar contribution in the η case makes it difficult to check finely the unitarized results, its leading role in the η ′ case would give us un opportunity to probe the f
Taking this discussion into account, we have predicted the τ − → K − ην τ decays (and later on the τ − → K − η ′ ν τ decays in section 7) as explained below:
• In the dipole model, we have taken the K ⋆ (892), K ⋆ (1410) and K ⋆ 0 (1430) mass and width from the PDG [28] because Breit-Wigner parametrizations are employed in this reference. We estimated the relative weight of them using γ =
• In the JPP parametrization, we have used the best fit results of the second reference in [4] for the vector form factor. The scalar form factor was obtained from the solutions (6.10) and (6.11) of the second reference in [24] . The scalar form factors have also been treated alike in the BEJ approach.
• In the BEJ representation, one would use the best fit results of the last reference in [4] to obtain our vector form factor. However, the slope form factor parameters, λ ′ + and λ ′′ + , are very sensitive to isospin breaking corrections on the particle masses. For this reason we estimated the corresponding parameters for the K − π 0 case of interest for the τ − → K − η (′) ν τ decays. We have therefore used the results in the middle column of table 1 to predict the τ − → K − η (′) ν τ decays. More details on this procedure can be found in Ref. [5] . (10), and resumming the loop function in the denominator; as well as the unitarized scalar form factor [24] . The middle column is obtained using the masses of the K − and π 0 mesons and the last column using the K S and π − masses actually corresponding to the data.
Parameter
Best fit with K − π 0 masses Best fit with Using these inputs we have found the differential decay distributions for the three different approaches considered using eq. (1). This one is, in turn, related to the experimental data by using
In Fig.1 we show our predictions based on the Kπ system according to BW, JPP and BEJ. In this figure we have normalized the BaBar data to Belle's using eq. (17) . We notice some tension between the BaBar and Belle data sets and strange oscillations of some Belle points that may hint to a systematic issue or an underestimation of the errors. In this figure, the onesigma contours for the three approaches are also shown. The corresponding branching ratios are displayed in table 2, where the χ 2 /dof is also given. It is seen that the BW approximation fails both in the decay width and the differential decay distribution shape. On the contrary, the JPP and BEJ treatments give already a good agreement with both of them. These results point to the BW modelization being a too rough approximation to the underlying dynamics. We understand this fact since, as we have discussed, this approach does not resum FSI and violates analyticity and unitarity severely. We will check this conclusion in the next section by fitting BaBar and Belle data to discard the possibility that the input parameters for the BW prediction were inappropriate. 
We have considered different kinds of fits to BaBar and Belle τ − → K − ην τ data. We have first assessed, in full generality, that these decays are insensitive to the mass and width of the K ⋆ (892) resonance, as it could be expected since phase space for the Kη channel opens above the region of K ⋆ (892) dominance. This is even more the case for the slope parameters of BEJ, which are determined by the Physics immediately above the Kπ threshold. For this reason, we have borrowed these parameters from the corresponding predictions used in the previous section. We have thus fitted only the K ⋆ (1410) parameters in all three approaches 2 .
Our best fit results for the branching ratios are given in table 3, including the corresponding χ 2 /dof . These results are obtained with the best fit parameter values shown in table 4, which can be compared to the reference values used for the predictions in the previous section (these are recalled in table 5). The corresponding decay distributions including one-sigma error bands are plotted in Fig. 2 .
These results show that the BW model does not approximate the underlying physics for any value of its parameters and should be discarded. On the contrary, JPP and BEJ yield good fits to data with χ 2 /dof values close to unity. This confirms that the simplified treatment of FSI in BW, which misses the real part of the two-meson rescatterings, violates analyticity by construction and does not resum FSI, is responsible for the failure. Table 3 . The branching ratios and χ 2 /dof obtained in BW, JPP and BEJ fitting γ only and also the K ⋆ (1410) parameters are displayed. Other parameters were fixed to the reference values used in section 5. The PDG branching fraction is also given for reference.
Source
Branching ratio
1.50
1.59 
These results are plotted in Fig. 2 . Looking at the JPP and BEJ results in more detail one can notice that: Table 5 . Reference values (used in section 5) corresponding to the best fit parameters appearing in Although the BW curve in Fig. 2 has improved with respect to Fig. 1 and seems to agree well with the data in the higher-energy half of the spectrum, it fails completely at lower energies. On the contrary, JPP and BEJ provide good quality fits to data which are satisfactory along the whole phase space. Even though the vector form factor gives the dominant contribution to the decay width, the scalar form factor is not negligible and gives ∼ (3 ↔ 4)% of the branching fraction in the JPP and BEJ cases. In the BW model this contribution is ∼ 7%. 
Predicting the
We can finally predict the τ − → K − η ′ ν τ decays. In this case, the good understanding of the tau decays into Kπ and Kη processes can only be exploited to a limited extent in the Kη ′ decays. This is because while the vector form factor dominates the former decays, the scalar one essentially saturates the contribution to the latter. Therefore, this prediction will be more a test of the unitarization results obtained for the corresponding scalar form factor. The only information that one has for this decay channel is the upper limit fixed at ninety percent confidence level by the BaBar Collaboration [11] , BR < 4.2 · 10 −6 . We will see that our predictions respect this bound and hint to the soon discovery of this decay channel at Belle-II. We have ellaborated these predictions using our best fit results in the BW (one-parameter fit) JPP and BEJ (three-parameter fits) cases and the unitarized scalar form factors in the last two approaches. Our results are plotted in Fig. 3 and the branching ratios shown in table 6. It is seen that the decay width is indeed dominated by the scalar form factor, with the vector one contributing in the interval (9 ↔ 15)% to the corresponding decay width. The BW prediction is only shown for reference, but its associated (large) error bands are not shown for clarity. Since the same scalar form factor is used JPP and BEJ and it basically saturates the decay width, the differences between them are tiny. figure) , JPP (blue with lower band in red) and BEJ (blue with upper part in pink) is shown. In these last two the scalar form factor corresponds to Ref. [24] , which is represented by the author's initials, JOP, in the figure's legend. The corresponding vector form factor contributions, which are subleading are plotted in orange (solid), blue (dashed) and purple (dotted).
Conclusions and outlook
Hadronic tau decays constitute and ideal tool to study the hadronization of QCD currents in a clean environment. Here we have reported our study of the τ − → K − η (′) ν τ decays which was triggered by the recent measurements and searches performed by the BaBar and Belle Collaborations [6, 11] . The Kη channel is dominated by the vector form factor contribution, which can be predicted accurately on the basis of previous studies of the Kπ system. In fact, although the information on the K ⋆ (892) resonance needs to be borrowed from the Kπ studies, the Kη decays are extremely sensitive to the characteristics of the K ⋆ (1410) resonance, whose properties can therefore be determined with precission in this analysis.
We have proposed a description of these processes encoding the hadronization properties in the tilded form factors, which yield more compact and symmetric expressions than used previously. After deriving the participating vector and scalar form factors within RχT we have discussed the treatment of FSI, which turns out to be crucial in the considered decays. The popular Breit-Wigner (dipole) parametrizations do not resum FSI and break analyticity at leading order by neglecting the real part of the chiral loop functions. Omnès-like resummations resum only the real part of these functions through their exponentiation which violates analyticity (slightly at the numerical level). Finally, a dispersive form factor resums the whole loop function and respects analyticity by construction.
We have found that the Breit-Wigner model fails dramatically in accounting for the data, while the Omnès-like resummation and the dispersive representation do provide good fits to data. Although on theory grounds the simple Breit-Wigner models are always poor approximations its eventual agreement with data in decays with an easy dynamics still motivates its wide use in the analysis of hadronic data. These results for the τ − → K − ην τ decays show neatly that also phenomenology suggests not to employ them.
Our results for the K ⋆ (1410) pole mass and width (in MeV) and interaction strength are 
in the dispersive representation (BEJ) and 
in the exponential parametrization (JPP). Our determination of these parameters happens to be competitive with its traditional extraction from τ − → (Kπ) − ν τ decays. In order to illustrate this, we average the JPP and BEJ determinations from the Kπ [4] and Kη systems, respectively, to find M K ⋆′ = 1277 
from Kη, which opens an alternative way of determining these parameters. New, more precise data on the τ − → (Kπ) − ν τ and τ − → K − ην τ decays will make possible a more accurate determination of these parameters. We are currently working [29] on a combined study of Belle's data on the τ − → K S π − ν τ and τ − → K − ην τ decays with the purpose of obtaining more accurate isospin averaged values for the slope, K ⋆ (892) and K ⋆ (1410) parameters. When BaBar's data for the τ − → K − π 0 ν τ and τ − → K − ην τ data become available the effect of isospin breaking corrections on these quantities could be studied too.
We thus provide TAUOLA with QCD-motivated currents for these processes and improve the understanding of the strange spectral function thanks to our more detailed knowledge of the τ − → K − η (′) ν τ decays.
